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Abstract
Let a smooth vector field V on a smooth closed manifold M be given and let Z ⊂ M be an isolated invariant
set for the flow of V . In this situation, we give a necessary and sufficient condition for the existence of a Lyapunov
1-form for (V, Z) in terms of the relative asymptotic cycles associated with certain invariant measures of the flow.
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1. Introduction
In this work we address the following:
Question 1. Given a smooth vector field V on a closed manifold M, what are the necessary and sufficient
conditions for the existence of a smooth closed 1-form λ on M with the same zero set as V , such that,
outside this common zero set, λ(V ) < 0?
Obviously, the cohomology class of such a form λ evaluates negatively on all homology classes of
non-constant periodic orbits of V . The main result below asserts that a suitable generalization of this
necessary condition on the cohomology class of λ is also sufficient.
The history of this question goes back to Schwartzman’s beautiful work [11]. One of his results
answers the above question in the case where V has no zeros. Schwartzman associates with every finite
positive invariant Borel measure on M a 1-dimensional homology class which he calls the asymptotic
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cycle of the measure. Then he proves that there exists a closed form λ with λ(V ) < 0 on M in a
given cohomology class ξ ∈ H1(M;Z) if and only if ξ evaluates negatively on all these asymptotic
cycles. This was one of the inputs for Sullivan’s influential paper [12], where he treats the existence of
closed forms transverse to quite general cone structures, including, for example, foliations of arbitrary
dimension.
In [4,5], Farber studied the dynamics of gradient-like vector fields for closed 1-forms with isolated
zeros and introduced the term Lyapunov 1-form. This concept was developed further in joint works
with Farber, Kappeler and Zehnder [6,7], where we arrived at the following definition. It generalizes the
notion of a smooth Lyapunov function in the sense of Conley [2].
Definition 1. Given a vector field V on a manifold M generating a global flow and a flow-invariant
closed subset Z ⊂ M , we say that a smooth, closed 1-form λ is a Lyapunov 1-form for (V, Z) if:
(L1) λ(V ) < 0 on M \ Z ; and
(L2) λ vanishes pointwise on Z and is exact in a neighborhood of Z .
It was shown in [7] that the exactness assumption in (L2) is redundant if either Z is a Euclidean
neighborhood retract or the cohomology class of λ is rational. In terms of this definition, our question
can be rephrased as:
Question 2. Given a smooth vector field V on the closed manifold M, a closed, flow-invariant subset
Z ⊂ M, and a cohomology class ξ ∈ H1(M;R), what are the necessary and sufficient conditions for
the existence of a Lyapunov 1-form λ for (V, Z) representing ξ?
While this may appear to be more general than Question 1, it is clear that the existence of a Lyapunov
1-form depends only on the oriented foliation of M \ Z by the flow lines of V and the way that Z is
embedded in M . Thus, multiplying the vector field of Question 2 by a non-negative function whose zero
set coincides with Z , we return to the previous situation.
Various consequences of the existence of Lyapunov 1-forms for the flow generated by V are known.
Generalizing earlier work of Farber [4], in [8] the author proved that, if the set Z is small (meaning that
its Lusternik–Schnirelman category is smaller than Farber’s category associated with the cohomology
class ξ of a Lyapunov 1-form), there must exist a cyclically ordered chain of orbits outside Z such that the
forward limit set of one is contained in the same connected component of Z as the backward limit set of
the next. Also, under suitable conditions on Z , Fan and Jost [3] established generalized Morse–Novikov
inequalities, relating the topology of Z to the Novikov numbers associated with the cohomology class
of any Lyapunov 1-form for (V, Z).
The main goal of this work is to give answers to Question 2. For that purpose, we introduce the
following notion.
Definition 2. Given a smooth vector field V on a smooth closed manifold M and a closed subset Z ⊂ M
invariant under the flow of V , we say that a locally finite Borel measure µ on M \ Z is coherent relative
to Z if:
(C) for all smooth functions f : M −→ R with d f ≡ 0 in some neighborhood of Z , we have∫
M\Z
d f (V ) dµ = 0.
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The properties of these measures are studied in detail in Section 2, where we also give examples of how
they arise. It is easy to see (Lemma 9) that these measures are invariant under the flow of V . Later,
we will mainly be interested in the case that Z is an isolated invariant set in the sense of Conley [2],
i.e. a closed invariant subset which is the maximal set with this property in some closed neighborhood of
itself. In this case, coherent measures have an alternative description, which roughly asserts that they are
invariant measures with the additional property that, for each connected component of Z , the amount of
mass “flowing in” equals the amount of mass “flowing out” (see Proposition 15 for the precise statement).
Denote by HZ ⊂ H1(M;R) the subspace of cohomology classes vanishing in some neighborhood
of Z . In other words, HZ is the kernel of the restriction map from H1(M;R) to the Cˇech cohomology
Hˇ1(Z;R) of Z . Every coherent measure µ gives rise to a homomorphism Aµ : HZ −→ R, defined as
Aµ(ξ) :=
∫
M\Z
α(V )dµ, (1)
where α is any representative of ξ vanishing near Z . This does not depend on the choice of representative
by the defining property (C) of coherent measures. When Z is empty, coherent measures are precisely
the finite invariant measures, and the homomorphism Aµ equals Schwartzman’s asymptotic cycle of the
measure µ in this special case. For this reason, we call the homomorphism associated with a measure
coherent relative to Z its relative asymptotic cycle. With these concepts, our main theorem reads as
follows.
Theorem 3. Let V be a smooth vector field on the closed manifold M and let Z be an isolated invariant
set for the flow of V . Then there exists a Lyapunov 1-form for (V, Z) representing the cohomology class
ξ ∈ HZ ⊂ H1(M;R) if and only if the relative asymptotic cycle of every positive coherent measure µ
satisfies
Aµ(ξ) < 0. (2)
In particular, an exact Lyapunov 1-form for (V, Z) exists if and only if no measure on M \ Z is coherent
relative to Z . In Section 4, we derive the following consequence of Theorem 3, which completely
answers Question 1 in case the zero set Z of V is finite.
Corollary 4. Let V be a smooth vector field on the closed manifold M with finite zero set Z =
{z1, . . . , zl}. Then there exists a Lyapunov 1-form for (V, Z) representing the cohomology class
ξ ∈ H1(M;R) if and only if each zi is an isolated invariant set and the relative asymptotic cycle
Aµ : H1(M;R) −→ R of every positive coherent measure µ satisfies (2).
The proof of Theorem 3 is given in Section 3. Using the properties of coherent measures established in
Section 2, it is fairly straightforward to see the necessity of the condition stated. The proof of sufficiency
is close in spirit to Schwartzman’s proof in the case Z = ∅. However, the main step, an application
of the Hahn–Banach theorem, is more complicated, as condition (L1) in the definition of a Lyapunov
1-form is not open. The fact that Z is isolated invariant is used at the final stage to relate the outcome of
the Hahn–Banach argument to a coherent measure.
One advantage of this proof is that it can be adapted easily to the case of continuous flow on a compact
metric space (see [6] for the definition of a Lyapunov 1-form in this context). In the smooth case treated
here, there is also an argument in the spirit of Sullivan’s work [12], providing conditions equivalent to
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the existence of forms suitably transversal to very general singular cone structures. This more general
theory and some of its applications are described in [9].
Note that, given Lyapunov 1-forms λ1 and λ2 for (V, Z1) and (V, Z2) respectively, the form λ1 + λ2
is clearly a Lyapunov 1-form for (V, Z1 ∩ Z2). For integral cohomology classes, any representative
gives rise to a map M −→ S1. Using these observations, we prove in Section 4 the following necessary
and sufficient condition for the existence of a Lyapunov 1-form in a rational cohomology class for an
arbitrary closed invariant subset Z ⊂ M .
Theorem 5. Let V be a smooth vector field on a closed manifold M and let Z ⊂ M be a closed subset
invariant under its flow. Then there exists a Lyapunov 1-form for (V, Z) representing ξ ∈ H1(M;Q)
if and only if Z can be written as a countable intersection of isolated invariant sets Z = ∩i∈I Zi such
that, for each i ∈ I , there exists a Lyapunov 1-form for (V, Zi ) representing ξ .
Now we consider the following:
Question 3. If a Lyapunov one-form representing a given cohomology class ξ ∈ H1(M;R) exists for
a given vector field V with respect to some Z, then what is the smallest subset Zξ (V ) ⊂ M relative to
which such a form can be found?
Before stating our answer in the case of rational cohomology classes, we introduce a few definitions.
Recall that, given a flow ϕ on M , an (ε, T )-chain for ϕ from x ∈ M to y ∈ M is a finite sequence
x = x1, . . . , xn+1 = y of points in M and real numbers t1, . . . , tn ≥ T such that the distance
d(xi · ti , xi+1) < ε for all i = 1, . . . , n. This distance is measured with respect to some auxilliary
Riemannian metric. The chain recurrent set R = R(ϕ) is the set of all points x ∈ M such that, for every
ε > 0 and T > 1, there is an (ε, T )-chain from x to itself. It is a closed, flow-invariant set that contains
all non-wandering points. Note that if ε is sufficiently small (e.g. smaller than the injectivity radius),
then one can associate with every (ε, T )-chain from x to itself a singular 1-cycle, which is given as the
sum for i = 1, . . . , n of the oriented flow lines from xi to xi · ti followed by the unique shortest curves
joining xi · ti to xi+1. In [6], we introduced the following notion.
Definition 6. Let a flow ϕ on M and ξ ∈ H1(M;R) be given. The subset Rξ (ϕ) ⊂ R(ϕ) of the chain
recurrent set consists of those points x ∈ M such that, for all sufficiently small ε > 0 and all T > 1,
there exists an (ε, T )-chain from x to itself such that the homology class z ∈ H1(M;Z) of the associated
cycle satisfies 〈ξ, z〉 = 0.
Alternatively, Rξ (ϕ) can be characterized as the set of points x ∈ R(ϕ) whose lifts to the abelian
cover Mξ of M associated with ξ ∈ H1(M;R) are chain recurrent for the lifted flow. This fact, along
with some examples, is discussed in [6]. In Section 4, we prove the following result, which gives an
answer to Question 3 for rational ξ and highlights the significance of the set Rξ (ϕ).
Theorem 7. Let V be a smooth vector field with flow ϕ on the closed manifold M and let the class
ξ ∈ H1(M;Q) be given. If the collection {Zi } of all closed ϕ-invariant sets such that there exists a
smooth Lyapunov 1-form for (V, Zi ) representing the class ξ is non-empty, then⋂
i∈I
Zi = Rξ (ϕ). (3)
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We note in passing that a fundamental theorem of Conley guarantees the existence of an exact Lyapunov
1-form for (V, R(ϕ)). The standard proof of this fact uses a representation of R(ϕ) = R0(ϕ) as in (3),
where the Zi run through all attractor–repeller pairs for the flow in M (see [2] and also [7]).
In [7], we established necessary and sufficient conditions for the existence of a smooth Lyapunov
1-form for (V, Rξ (ϕ)) in a given cohomology class ξ ∈ H1(M;R), assuming that R(ϕ) \ Rξ (ϕ) is
closed. One of several equivalent conditions there was given in terms of Schwartzman’s asymptotic
cycles. In Section 4, we show how this result can be recovered in the present framework. More precisely,
we reprove:
Theorem 8 ([7]). Let V be a smooth vector field with flow ϕ on the smooth closed manifold M and
let ξ ∈ H1(M;R) be given. Denote by Rξ (ϕ) the part of the chain recurrent set R(ϕ) introduced in
Definition 6 and assume that R(ϕ) \ Rξ (ϕ) is closed and that ξ vanishes on some neighborhood of
Rξ (ϕ).
Then there exists a Lyapunov 1-form for (V, Rξ (ϕ)) representing ξ if and only if the asymptotic cycle
Aµ of every finite positive invariant measure µ whose support intersects M \ Rξ (ϕ) satisfies
Aµ(ξ) < 0.
2. Coherent measures
Throughout this section, we fix a smooth vector field V on a smooth closed manifold M and a closed
subset Z ⊂ M invariant under the flow ϕt of V . We will often write x · t instead of ϕt (x). Our first
goal is to present the basic properties of measures which are coherent relative to Z , as defined in the
introduction. We begin by listing some examples.
Example 1. Let µ be a finite invariant Borel measure whose support is not contained in Z . Then the
restriction of µ to M \ Z is coherent relative to Z .
As an interesting special case, suppose that the flow of V preserves a smooth volume form Ω . Then
ιVΩ is a closed (n − 1)-form, and the relative asymptotic cycle of the measure corresponding to Ω is
simply given by evaluating the cup product of ξ ∈ HZ with [ιVΩ ] ∈ Hn−1(M;R) on the fundamental
homology class.
Example 2. Let γ1, . . . , γk, γk+1 = γ1 be a chain of orbits outside Z such that the forward limit set of γi
is contained in the same connected component of Z as the backward limit set of γi+1 for all 1 ≤ i ≤ k.
Each γi carries a natural invariant measure µi , namely the pushforward of Lebesgue measure on R by
the map t 7→ xi · t for any point xi ∈ γi . The sum µ =∑ki=1 µi is a coherent measure relative to Z .
Indeed, given a function f : M −→ R with d f ≡ 0 near Z , we compute∫
M\Z
d f (V ) dµ =
k∑
i=1
∫
R
( f ◦ γi )′(t)dt
=
k∑
i=1
f +i − f −i ,
where f ±i are the values of f on the forward (resp. backward) limit set of γi . As f
+
i = f −i+1 by
assumption, the total sum vanishes, as required for a coherent measure.
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Example 3. Suppose that µ1 is a finite invariant Borel measure for the flow of the vector field V1 on the
closed manifold M with supp µ1 = S. Define a new vector field V = ρ · V1, where ρ : M −→ [0, 1]
is smooth with zero set Z 6⊃ S. Then the restriction of 1
ρ
· µ1 to M \ Z is a coherent measure relative
to Z with respect to V , and its relative asymptotic cycle is the restriction of the asymptotic cycle of Aµ1
(with respect to V1) to HZ .
Again, coherence follows immediately from the definition, as for any f : M −→ R with d f ≡ 0 on
some neighborhood U of Z we find∫
M\Z
d f (V ) dµ =
∫
M\U
d f (ρ · V1) 1
ρ
dµ1 =
∫
M
d f (V1) dµ1 = 0
because µ1 was invariant. The assertion about the relative asymptotic cycle follows from a similar
computation.
As a simple specific example of this type, let V1 be a constant coefficient vector field on the torus
M = T 2 with irrational slope, and let ρ : T 2 −→ [0, 1] be a smooth function with a single zero.
Standard Lebesgue measure µL is the unique (up to scale) invariant measure for the flow of V1, and
its asymptotic cycle determines the open half-space of classes ξ ∈ H1(T 2;R) which admit Lyapunov
1-forms for (V1,∅). The only finite invariant measure (up to scale) for the flow of V = ρ · V1 is the
point mass at the rest point. However, the coherent measure µ = 1
ρ
µL still “remembers” the obstruction
to the existence of Lyapunov 1-forms in certain cohomology classes.
We now turn to some basic properties shared by all coherent measures.
Lemma 9. A measure coherent relative to Z is invariant under the flow of V .
Proof. The characteristic functions of compact subsets in M \ Z can be approximated by smooth
functions with compact support in M \ Z . Now observe that, for any such f and any fixed t ∈ R,
we have∫
M\Z
f (x · t)− f (x)dµ(x) =
∫
M\Z
∫ t
0
d f (V )(x · s) ds dµ(x)
=
∫ t
0
∫
M\Z
d( f ◦ ϕs)(V )(x) dµ(x) ds
= 0
by the definition of relative coherence. This implies the claim. 
Lemma 10. Suppose that Z is contained in the chain recurrent set R(ϕ) of the flow ϕ generated by V .
Then every measure which is coherent relative to Z has support in R(ϕ).
Proof. Let x ∈ M \ R(ϕ) be given. It is well known (see, e.g., [10, Proposition 1.4] for a proof) that
there exists a function l : M −→ [0, 1] such that R(ϕ) ⊂ l−1(0) ∪ l−1(1), dl(V ) ≤ 0 everywhere
on M and dl(V ) < 0 near x . Postcomposing this function with a weakly monotone surjective map
f : [0, 1] −→ [0, 1] which is constant near 0 and near 1 and has f ′ > 0 near l(x), we obtain a new
function L which shares the same properties as l and, in addition, is locally constant near R(ϕ). In
particular, if µ is any locally finite positive invariant measure on M \ Z whose support contains x , we
have
∫
M\Z dL(V )dµ < 0, and so µ cannot be coherent. 
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We next turn to the case where Z is an isolated invariant set. Recall that a smooth hypersurface S ⊂ M
is called a local cross section to the flow of V if there exists some δ > 0 such that the flow-induced map
S × (−δ, δ) −→ M is a diffeomorphism onto S · (−δ, δ) ⊂ M .
Remark 11. Given a local cross section S ⊂ M to the flow of V , any measure µ on M which is invariant
under the flow induces a unique slice measure ν on S, which on Borel sets K ⊂ S is given by
ν(K ) = lim
δ→0
1
2δ
µ(K × (−δ, δ)).
If δ > 0 is sufficiently small, then µ|S×(−δ,δ) is the product measure of ν with the standard Lebesgue
measure on (−δ, δ).
Definition 12 (Cf. [1]). The closure B of an open set in M is called an isolating block for the set Z with
respect to the flow ϕ if there exist local cross sections S± ⊂ M and δ > 0 as above such that:
(B1) the sets ∂±B := S± ∩ B are closed in M ;
(B2) S+ · (−δ, δ) ∩ B = ∂+B · [0, δ) and S− · (−δ, δ) ∩ B = ∂−B · (−δ, 0];
(B3) for every x ∈ ∂B \ (∂+B ∪ ∂−B), there are t1 < 0 and t2 > 0 such that x · [t1, t2] ⊂ ∂B and
x · t1 ∈ ∂+B, x · t2 ∈ ∂−B; and
(B4) Z is the maximal invariant subset of B.
Note that the maximal invariant subset Z of an isolating block B is always contained in the interior
of B, as is immediate from (B2) and (B3). Thus it is an isolated invariant set in the sense of Conley
[2]. Conversely, it is known that every neighborhood of an isolated invariant set contains an isolating
block [1].
Let B be an isolating block for Z and let µ be a positive Borel measure on M \ Z which is locally
finite and invariant under the flow. As observed in Remark 11, µ induces slice measures ν± on ∂±B.
Moreover, we note the following fact.
Lemma 13. Given an invariant locally finite Borel measure µ on M \ Z, an isolating block B for Z, and
a smooth function f defined on some neighborhood of M \ B, we have∫
M\B
d f (V ) dµ =
∫
∂+B
f dν+ −
∫
∂−B
f dν−, (4)
where ν± are the slice measures on ∂±B induced by the measure µ.
Remark 14. In the applications of this lemma, the functions f will be defined on all of M .
Proof. We compute∫
M\B
d f (V ) dµ =
∫
M\B
lim
t→0
1
t
( f (x · t)− f (x)) dµ(x)
= lim
t→0
[
1
t
∫
(M\B)·t
f (x) dµ(x)− 1
t
∫
M\B
f (x) dµ(x)
]
,
where we first used Lebesgue’s dominated convergence theorem to exchange limit and integral, and then
used the invariance of µ to rewrite the first integral. Now observe that, for sufficiently small t > 0,
(M \ B) · t = ((M \ B) · t ∩ (M \ B)) ∪ ∂+B · [0, t], and
(M \ B) = ((M \ B) · t ∩ (M \ B)) ∪ ∂−B · [−t, 0].
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We conclude that∫
M\B
d f (V ) dµ = lim
t→0+
[
1
t
∫
∂+B·[0,t]
f (x) dµ(x)− 1
t
∫
∂−B·[0,t]
f (x) dµ(x)
]
=
∫
∂+B
f (b) dν+(b)−
∫
∂−B
f (b) dν−(b)
in view of Remark 11 and the smoothness of f . 
Inside ∂±B, we have the subset a± ⊂ ∂±B consisting of those points whose forward (resp. backward)
limit set is contained in B and thus in Z . We denote the complements ∂±B \ a± by ∂∗±B, respectively.
It is well known that the flow-induced map hB : ∂∗+B −→ ∂∗−B is a homeomorphism. Moreover, the
invariance of the measure µ implies that the map hB : (∂∗+B, ν+) −→ (∂∗−B, ν−) is measure-preserving.
Given a closed subset Z0 ⊂ Z which is a union of connected components of Z , we denote by
a±(Z0) ⊂ ∂±B the set of points whose forward (resp. backward) limit set lies in Z0. With this notation,
we obtain the following equivalent characterization of coherent measures.
Proposition 15. An invariant locally finite Borel measure µ on M \ Z is coherent relative to the isolated
invariant set Z if and only if:
(C′) for every isolating block B and every closed subset Z0 ⊂ Z which is a union of connected
components of Z, we have
ν+(a+(Z0)) = ν−(a−(Z0)).
Remarks 16. (i) Condition (C′) has the following alternative formulation. Denote by Comp(Z) the set
of connected components of Z and let pi : Z −→ Comp(Z) be the obvious projection. The quotient
metric induced by the distance function of any Riemannian metric on M makes Comp(Z) a compact
metric space. Given an isolating block B for Z , the measures ν± on ∂±B induce Borel measures ν˜±
on Comp(Z), determined by their values
ν˜±(K ) := ν±(a±(pi−1(K )))
on compact subsets K ⊂ Comp(Z). Condition (C′) asserts that these measures ν˜± coincide.
(ii) If B and B1 are two isolating blocks for Z with B ⊂ int(B1), by the invariance of the measure µ,
condition (C′) is true for B if and only if it is true for B1. Thus, to check coherence, it suffices to
check condition (C′) in some isolating block for Z .
Proof of Proposition 15. First suppose that µ satisfies condition (C′). Given a smooth function f :
M −→ R with d f ≡ 0 on the neighborhood W of Z , choose an isolating block B ⊂ W . Then∫
M\Z
d f (V ) dµ =
∫
M\B
d f (V ) dµ
=
∫
∂+B
f dν+ −
∫
∂−B
f dν−
= 0,
because µ is invariant and the function f takes the same value on corresponding points of ∂±B.
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Conversely, assume that µ satisfies condition (C). Given some isolating block B for Z , for every
closed subset Z0 ⊂ Z which is a union of connected components of Z we introduce the closed sets
A+(Z0) := {x ∈ B \ Z | x · [0,∞) ⊂ B, x · [0,∞) \ x · [0,∞) ⊂ Z0} ∪ Z0,
A−(Z0) := {x ∈ B \ Z | x · (−∞, 0] ⊂ B, x · (−∞, 0] \ x · (−∞, 0] ⊂ Z0} ∪ Z0,
A(Z0) := A+(Z0) ∪ A−(Z0).
The proof of the proposition now rests on the following assertion.
Lemma 17. Given any closed subset Z0 ⊂ Z which is a union of connected components of Z, the
characteristic function of A(Z0) is the pointwise limit of smooth functions fn with d fn(V ) ≡ 0 on B
and d fn ≡ 0 on some neighborhood of Z (which depends on n).
Assuming this result for the moment, we use this sequence of functions to compute
ν+(a+(Z0))− ν−(a−(Z0)) =
∫
∂+B
χA(Z0) dν+ −
∫
∂−B
χA(Z0) dν−
= lim
n→∞
∫
∂+B
fn dν+ −
∫
∂−B
fn dν−
= lim
n→∞
∫
M
d fn(V ) dµ = 0,
which proves (C′). So, to complete the proof of Proposition 15, it remains to prove Lemma 17.
Proof of Lemma 17. The basic idea of the proof is to construct two sequences of functions gn : M −→
[0, 1] and hn : M −→ [0, 1] with the following properties:
(1) dgn(V ) = dhn(V ) = 0 on B and dgn = dhn = 0 on some neighborhood of Z ;
(2) hn ≡ 1 near A(Z0) and hn −→ 0 pointwise on B \ (A(Z) ∪ ∂0B);
(3) gn ≡ 1 near A(Z0) and gn ≡ 0 near A(Zι) whenever d(A(Zι), A(Z0)) ≥ 1n , near ∂0B and outside
the 1n -neighborhood of B.
Here, ∂0B = ∂B \ (∂+B ∪ ∂−B). Then fn := gn · hn will converge to the characteristic function of
A(Z0), as required.
Note that, given any component Zι of Z not contained in Z0, there is a separation A(Z) = Uι unionsq Wι
into disjoint closed and open sets with A(Zι) ⊂ Uι and A(Z0) ⊂ Wι. To construct gn , choose finitely
many indices ιl(n) ∈ I such that the sets Uιl cover Cn := ∪{A(Zι) | d(A(Zι), A(Z0)) ≥ 1n }. Then
Un := ∪Uιl (n) and Wn := ∩Wιl (n) are disjoint closed and open sets separating Cn from A(Z0). Set
un = (Un ∪ ∂0B) ∩ ∂+B and wn = Wn ∩ ∂+B. Using a smoothing of the distance function from un ,
it is now easy to construct a smooth collared hypersurface hn ⊂ S+ separating wn from un . From this,
one first constructs a smooth function on S+ which equals 1 near wn and 0 near un . This can then be
extended to a smooth function constant on flow lines in B which is 0 near ∂0B, and so it can be extended
to a smooth function gn vanishing outside the 1n -neighborhood of B which has the properties listed
above.
To construct the functions hn , choose a countable covering of ∂+B \ (A(Z) ∪ ∂0B) by open disks Di
such that the disks 12Di still cover this set. Then first construct smooth functions on S+ which equal 0 on
1
2Di and equal 1 outside
3
4Di , and extend them constantly along flow lines in B and then to all of M to
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smooth functions χi : M −→ [0, 1] which equal 1 outside the 1i -neighborhood of the forward image of
3
4Di under the flow in B. Finally, define hn :=
∏n
i=1 χi . 
The proof of Proposition 15 is now complete. 
The following proposition lists two facts that will be essential in the proof of the main result in
Section 3.
Proposition 18. Let B be an isolating block for Z.
(i) Suppose that µ is a positive measure on M \ Z which is coherent relative to Z. If g : M −→ R is a
function with dg ≡ 0 on Z and dg(V ) ≤ 0 on B, then∫
M\B
dg(V ) dµ ≥ 0.
(ii) Conversely, suppose that µB is a finite positive Borel measure on M \ B such that∫
M\B
dg(V ) dµ = 0
for all functions g : M −→ R with dg ≡ 0 on Z and dg(V ) ≡ 0 on B. Then µB is the restriction of
a unique measure µ defined on M \ Z which is coherent relative to Z.
Proof. To prove the first assertion, we use Lemma 13 to obtain∫
M\B
dg(V ) dµ =
∫
∂+B
g dν+ −
∫
∂−B
g dν−
=
∫
∂∗+B
g dν+ −
∫
∂∗−B
g dν− +
∫
a+(Z)
g dν+ −
∫
a−(Z)
g dν−.
The combination of the first two terms is non-negative, because the flow-induced homeomorphism
h : (∂∗+B, ν+) −→ (∂∗−B, ν−) is measure preserving and g(x) ≥ g(h(x)) by the assumption that
dg(V ) ≤ 0 on B.
To control the last two terms, define functions g± : a±(Z) −→ R by setting g±(x) equal to the
value of g on the unique connected component of Z containing the forward limit set of x ∈ a+(Z)
(respectively, the backward limit set of x ∈ a−(Z)). Again, because dg(V ) ≤ 0 on B, we have g ≥ g+
on a+(Z) and g− ≥ g on a−(Z). Finally, observe that∫
a+(Z)
g dν+ ≥
∫
a+(Z)
g+ dν+ =
∫
a−(Z)
g− dν− ≥
∫
a−(Z)
g dν−,
where the middle equality follows from property (C′) of the coherent measure µ (compare Remark 16(i)
above). This completes the proof of part (i).
The proof of the second assertion proceeds in several steps. First, by considering functions g :
M −→ R with compact support in M \ B, the computation in the proof of Lemma 9 shows that µB
is invariant under the flow in the sense that, if W · [0, t] ⊂ M \ B and W is Borel measurable, then
µB(W ) = µB(W · t). Using the product structure near ∂±B that is part of the definition of an isolating
block, we see that µB induces slice measures ν± on ∂±B. Also using this product structure, the measure
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µB can be extended invariantly to M \ B ∪ ∂+B · [0, ε) ∪ ∂−B · (−ε, 0] for some small ε > 0. This is
enough for the proof of Lemma 13 to apply and yield∫
M\B
dg(V ) dµB =
∫
∂+B
g dν+ −
∫
∂−B
g dν− (5)
for all smooth functions g : M −→ R. Now, using the hypothesis of (ii) on the sequences of
functions provided by Lemma 17, the computation immediately following that lemma shows that the
slice measures ν± satisfy property (C′) of Proposition 15.
Similarly, the characteristic function of any compact subset of ∂∗+B = ∂+B \ a+(Z) can be
approximated by smooth functions on S+ which vanish on a neighborhood of a+(Z). Such functions
extend smoothly to all of M as functions that are constant along flow lines in B and vanish in some
neighborhood of Z . Again using the hypothesis of part (ii), we conclude, in view of (5), that the flow-
induced homeomorphism h : ∂∗+B −→ ∂∗−B satisfies h∗(ν+) = ν−.
Finally, we claim that this suffices to extend µB to a locally finite, positive, invariant measure µ on
M \ Z . Indeed, any point x ∈ B \ Z is contained in a flow box of the form D+ · [0, t] for some disk
D+ ⊂ ∂+B and t > 0 or D− · [s, 0] for some disk D− ⊂ ∂−B and some s < 0. On each such flow
box, we can define the measure µ to be the product of ν±|D± with Lebesgue measure on the real interval.
Clearly, on the intersection of two boxes of the same kind, these definitions are consistent. Consistency
on the intersection of two boxes of different kind follows immediately from h∗(ν+) = ν−. The measure
µ on M \ Z thus obtained is positive and invariant by construction. It is locally finite, because every
compact subset of M \ Z can be covered by finitely many translates of M \ B, and µ(M \ B) is finite.
As we have already observed that the slice measures ν± have property (C′), Proposition 15 now
implies that µ is coherent relative to Z . Uniqueness follows from the observation that the support of the
difference µ− µ′ of two possible invariant extensions of µB would be a flow-invariant subset of B \ Z ,
and hence must be empty. 
We close this section by mentioning an open problem. The measures that are coherent relative to Z
form a convex cone. In the case Z = ∅, the extremal points of this cone are the ergodic measures. The
asymptotic cycle of an ergodic measure µ of total mass 1 admits a simple geometric description, as for
µ-almost every point x ∈ M the equality
Aµ([λ]) = lim 1T
∫
x ·[0,T ]
λ
holds. It would be interesting to characterize the extremal points of the cone of coherent measures in the
general case, which might lead to a corresponding geometric interpretation.
3. Proof of the main result
Throughout this section, we fix a smooth closed manifold M , a smooth vector field V on M ,
and an isolated invariant set Z for the flow of V . The following proposition gives the easy half
of Theorem 3.
Proposition 19. If there exists a Lyapunov 1-form for (V, Z) representing the cohomology class ξ ∈
HZ ⊂ H1(M;R), then the relative asymptotic cycle of every positive measure µ coherent relative to Z
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satisfies
Aµ(ξ) < 0.
Proof. Fix an isolating neighborhood W and an isolating block B ⊂ W for Z . Let λ be a Lyapunov
1-form representing ξ . As ξ ∈ HZ , we may assume B to be so small that there exists a function
L : M −→ R with λ = dL on some neighborhood of B and L ≡ const outside W .
Let a positive measure µ that is coherent relative to Z be given. As supp µ is invariant, it cannot be
completely contained in the isolating neighborhood W for Z . We now compute
Aµ(ξ) =
∫
M\Z
λ(V )− dL(V ) dµ
=
∫
M\B
λ(V ) dµ−
∫
M\B
dL(V ) dµ.
The first integral is strictly negative, because λ(V ) < 0 on M \ B and the measure µ is non-negative and
not identically zero there. The second integral is non-negative by part (i) of Proposition 18. We conclude
that Aµ(ξ) is strictly negative, as claimed. 
The proof that the condition on relative asymptotic cycles is sufficient is more complicated and
occupies the remainder of this section. As in the approaches of Schwartzman and Sullivan for the
absolute case Z = ∅, the main technical step will be an application of the Hahn–Banach theorem.
To get into position to use this theorem, some preliminary observations will be useful.
Given any open neighborhood U of Z , we say that a closed form λ is weakly negative relative to U
if:
(i) λ(V ) < 0 on M \U ; and
(ii) λ(V ) ≤ 0 on U and λ = 0 pointwise on Z .
The main advantage of this notion is that the first property of a weakly negative form is open and the
second property is closed. We also have the following elementary observation.
Lemma 20. There exists a Lyapunov 1-form in the class ξ ∈ HZ ⊂ H1(M;R) if and only if, for every
neighborhood U of Z, there is a representative of ξ which is weakly negative relative to U.
Proof. The necessity of the condition is immediate from the definitions, as any Lyapunov 1-form is
weakly negative relative to every open neighborhood of Z .
Conversely, fix a countable system of neighborhoods Ui of Z with ∩Ui = Z and, for each i , choose
a representative λi of ξ which is weakly negative relative to Ui . Then, for a sufficiently rapidly decaying
sequence of constants ci with
∑
ci = 1, the sum λ :=∑ ciλi is a well-defined representative of ξ with
the desired properties. 
Remark 21. Note that, ifW ⊂ U are two neighborhoods of Z , then every form which is weakly negative
relative to W is weakly negative relative to U . In particular, if there does not exist a representative of the
cohomology class ξ ∈ H1(M;R) which is weakly negative relative to the neighborhood U of Z , then
the same is true for all smaller neighborhoods W .
To complete the proof of Theorem 3, it remains to prove:
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Proposition 22. If there exists no Lyapunov 1-form for (V, Z) representing the class ξ ∈ HZ , then there
exists a positive measure µ coherent relative to Z whose relative asymptotic cycle satisfies
Aµ(ξ) ≥ 0.
Proof. Assuming that there is no Lyapunov 1-form for (V, Z) representing the class ξ ∈ HZ ,
Lemma 20 and Remark 21 imply that, for all sufficiently small open neighborhoods U of Z , there is
no representative of ξ which is weakly negative relative to U . Alternatively, this can be expressed by
saying that the two convex cones
OU := { f ∈ C0(M) | f < 0 on M \U }
and
AU,ξ := { f = λ(V ) | λ smooth closed 1-form, [λ] = ξ, λ(V )|U ≤ 0, λ|Z ≡ 0}
in the Banach space C0(M) of continuous functions are disjoint. MakingU smaller, if necessary, we can
assume in addition that B := U is an isolating block for Z and that ξ vanishes on some neighborhood of
B, so that both cones are non-empty. AsOU is open, the Hahn–Banach theorem implies the existence of
a finite regular Borel measure µU such that∫
M
f dµU < 0 whenever f ∈ OU , and (6)∫
M
f dµU ≥ 0 whenever f ∈ AU,ξ . (7)
As a straightforward consequence of (6), we find that µU is positive with support in M \U . Next, let λ′
be a representative of ξ vanishing on B = U , which exists by our choice of U . Then AU,ξ contains the
affine subspace λ′(V )+ FU , where
FU := { f = dg(V ) ∈ C0(M) | g ∈ C∞(M), dg(V ) ≡ 0 on U , dg ≡ 0 on Z}.
Property (7) of the measure µU now implies that
∫
M f dµU = 0 for all f ∈ FU . Thus we have verified
the assumption of Proposition 18(ii) for µU , and conclude that it extends uniquely to a positive measure
µ on M \ Z which is coherent relative to Z . As λ′(V ) ∈ AU,ξ and λ′ vanishes on B = U , Property (7)
of µU also shows that Aµ(ξ) ≥ 0, completing the proof of Proposition 22. 
4. Remaining proofs
In this section, we prove the remaining assertions of the introduction.
Proof of Corollary 4
It suffices to prove that, if a Lyapunov 1-form λ for (V, Z) representing some cohomology class
ξ ∈ H1(M;R) exists, then each zi ∈ Z is an isolated invariant set.
So, suppose that some zi ∈ Z is not an isolated invariant set. Pick a closed ball B centered at zi
and disjoint from Z \ {zi } such that the restriction of the given Lyapunov 1-form λ is exact on B,
i.e. λ|B = dL . By our assumption, there exists a point x ∈ B \ {zi } whose orbit is completely contained
in B. Denote by X ⊂ B the closure of the orbit of x . Now note that no point y ∈ X \ {zi } can be the
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minimum or maximum of the function L |X , because L(y · (−1)) > L(y) > L(y · 1). As X is compact,
this gives the desired contradiction. 
Proofs of Theorems 5 and 7
We now analyse the special situation when the cohomology class ξ of a Lyapunov 1-form is integral.
We assume, without loss of generality, that M is connected, and fix some point x0 ∈ M . Given a closed,
flow-invariant subset Z ⊂ M and a Lyapunov 1-form λ for (V, Z) representing ξ ∈ H1(M,Z), the
assignment
L : M −→ S1 = R/Z (8)
x 7→
∫ x
x0
λ mod 1,
where the integral is along any smooth path connecting x0 to x , defines a smooth map whose differential
is λ. Using this simple observation, we will prove Theorems 5 and 7.
Proof of Theorem 5. As the existence of a Lyapunov 1-form depends only on the ray Q+ · ξ ∈
H1(M;Q), we will assume that the class ξ is integral. If Z is the countable intersection of isolated
invariant sets for which Lyapunov 1-forms λi representing ξ exist, then, for a suitable choice of rapidly
decaying, positive coefficients ci , the form λ =∑ ciλi will be the desired Lyapunov 1-form for (V, Z).
Conversely, given a Lyapunov 1-form λ for (V, Z) representing an integral class ξ ∈ H1(M;Z), we
consider the map L : M −→ S1 as above. Pick one point si ∈ S1 in each of the at most countably
many connected components of the set of regular values of L . If (si − 2εi , si + 2εi ) denotes an interval
consisting of regular values, one straightforwardly verifies that the set L−1(S1 \ (si − ε, si + ε)) is an
isolating block for the flow. Denote by Zi the corresponding isolated invariant set. Clearly, we have
Z ⊂ Zi for each i . Conversely, if x 6∈ Z , then the flow line of x crosses at least one of the hypersurfaces
L−1(si ), and so x cannot be in the corresponding Zi . This proves Z = ∩Zi .
It remains to show that, for each i , there exists a Lyapunov 1-form for (V, Zi ) representing ξ . So,
let µ be some measure which is coherent relative to Zi . As the support of µ cannot be contained in the
isolating block, it must intersect L−1(si ). Let α˜ = a(t)dt be a form on S1 supported in (si − ε, si + ε),
such that a(t) ≥ 0, a(si ) > 0 and
∫
S1 α˜ = 1. Then the form α = L∗(˜α) = a(L(x)) · λ represents ξ has
support outside the isolating block for Zi and satisfies α(V ) ≤ 0 there, with α(V ) < 0 on L−1(si ). Now
it follows directly from the definition (1) that Aµ(ξ) < 0. Hence the condition of Theorem 3 holds for
Zi , and the proof of Theorem 5 is complete. 
To prove Theorem 7, we will show that:
(a) if there exists a Lyapunov 1-form for (V, Z) representing ξ ∈ H1(M;Z), then Rξ (ϕ) ⊂ Z ; and
(b) if there exists a Lyapunov 1-form for (V, Z) representing ξ for some closed, ϕ-invariant subset, then
there exists one for (V, Rξ (ϕ)).
This clearly suffices to establish the theorem.
Again, given our Lyapunov 1-form λ for (V, Z) representing ξ , we consider the map L : M −→ S1,
as in (8) above. To prove (a), we fix a point x ∈ M \ Z , and our goal is to show that x 6∈ Rξ . Replacing it
by some other point on its orbit if necessary, we may assume that l = L(x) is a regular value of L . As the
set of regular values of L is open (M is compact), we can fix 0 < η < 1/100 such that [l − 5η, l] ⊂ S1
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consists only of regular values. This means that the function dL(V ) = λ(V ) is strictly negative on
L−1([l − 5η, l]), and so it admits a negative upper bound there. In particular, there exists some T > 1
such that
∫ y·T
y λ < −2η for all y ∈ L−1([l − 3η, l]). Furthermore, as L is uniformly continuous, we can
fix ε > 0 such that, if two points y1, y2 ∈ M satisfy d(y1, y2) < ε, then they can be joined by a unique
geodesic and |L(y1)− L(y2)| < η.
Now let (z1 = x, z1, . . . , zn+1 = x, t1, . . . , tn) be any finite (ε, T )-chain from x to itself. Consider
the closed path γ : [0, τ ] −→ M obtained from joining the parametrized flow lines γi from zi to zi · ti
with the unique geodesics ci connecting zi · ti to zi+1, i = 1, . . . , n. Decreasing η slightly if necessary,
we may assume that S = L−1(l − η) is transverse to γ and contains no zi . In particular,
〈[γ ], [ξ ]〉 =
∑
sgn p j ,
where the sum is taken over all points p j ∈ S ∩ γ and sgn p j is the sign of the derivative of L ◦ γ at
p j . Note that the total contribution to the sum of the geodesic segment ci from zi · ti to zi+1 is at most
1, and this can happen only if zi · ti ∈ L−1((l − 2η, l − η)). In this case, the flow line γi from zi to
zi · ti must have crossed S and, as dL(V ) < 0 on S, each such point contributes negatively. Moreover,
x · t1 ∈ L−1((l − 2η, l − η)) only if the flow line γ1 from x to x · t1 is not completely contained in
L−1([l − 5η, l]), implying that γ1 must have crossed S at least twice. Combining these observations,
we find that the sum of the contributions of γi and ci is negative for i = 1 and non-positive for all
i = 2, . . . , n, so that 〈[γ ], [ξ ]〉 < 0. As the (ε, T )-chain from x to itself was arbitrary, this shows that
x 6∈ Rξ , and completes the proof of (a).
To prove (b), we split M open along the inverse image L−1(l) of some regular value of L to obtain
a manifold N with two boundary components and an obvious smooth projection p : N −→ M . As
V is transverse to L−1(l), it points inward at one boundary component of N , which we denote by N1,
and outward at the other component, which we call N0. Pick a smooth function ρ : N −→ [0, 1] with
ρ−1(0) = N0 ∪ N1 and consider the smooth vector field VN := ρ · p−1∗ (V ). It induces a complete flow
Φ on N for which N1 is a repeller and N0 is an attractor in the sense of Conley [2]. We claim that
R(Φ) = p−1(Rξ (ϕ)) ∪ N0 ∪ N1.
Clearly, N0 ∪ N1 ⊂ R(Φ). By the first part of the proof, we know that p−1(Rξ (ϕ)) is disjoint from and
thus has positive distance to N0 ∪ N1, so that ρ is bounded below by a positive constant there. Using
surfaces of section S0 and S1 near N0 and N1 in place of S above and arguing as in the first part of the
proof, one shows that given n ∈ N \ (N0 ∪ N1), for all sufficiently small ε > 0 (depending on n, S0
and S1) and all T ≥ 1, a closed (ε, T )-chain for the flow Φ based at n cannot enter a sufficiently small
neighborhood of N0 ∪ N1, and so it projects to a closed (ε, T ′)-chain based at x = p(n) with vanishing
λ-integral. Similarly, the lift of any closed (ε, T )-chain based at some x ∈ Rξ (ϕ) for sufficiently small
ε > 0 with vanishing λ-integral is a closed (ε, T )-chain based at n = p−1(x) ∈ N for Φ. Together, these
observations prove that R(Φ) \ (N0 ∪ N1) = p−1(Rξ (ϕ)).
According to the smooth version of Conley’s theorem [2], there exists a smooth function LN :
N −→ R whose critical set coincides with R(Φ) and such that dLN (V ) < 0 otherwise. By
shifting and rescaling, we can achieve that LN (N1) = 1 and LN (N0) = 0. The corresponding map
L˜N = lN ◦ p−1 : M −→ S1 is continuous, and even smooth outside L−1(l) = p(∂N ). It can be
smoothed to a map L˜ : M −→ S1 with d L˜(V ) < 0 near L−1(l). The differential dL˜ is the required
Lyapunov 1-form for (V, Rξ (ϕ)) representing the class ξ .
This completes the proof of Theorem 7. 
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Proof of Theorem 8
First, suppose that there exists a Lyapunov 1-form λ for (V, Rξ ) representing ξ ∈ H1(M;R). Let µ
be a finite positive invariant measure with µ(M \ Rξ ) > 0. It is well known that the support of µ is
contained in R. Let λ′ be a form representing the class ξ such that λ′ ≡ 0 near Rξ and λ′ = λ on R \ Rξ ,
which exists because ξ vanishes near Rξ . Then
Aµ(ξ) =
∫
M
λ′(V )dµ =
∫
M\Rξ
λ′(V )dµ < 0.
Conversely, suppose that there does not exist a Lyapunov 1-form for (V, Rξ ) representing the class ξ .
Fix a neighborhood U of Rξ sufficiently small so that:
(i) ξ vanishes near U ;
(ii) U ∩ (R \ Rξ ) = ∅; and
(iii) there exists no representative of ξ that is weakly negative relative to U .
Now note that the Hahn–Banach argument in the proof of Proposition 22 still applies. The Borel
measure µU obtained from it has support in M \U and is non-negative and invariant (again in the sense
that µU (W ) = µU (W · t) whenever W · [0, t] ⊂ M \U and W is Borel measurable).
We next claim that the support of µU is contained in R \ Rξ . To this end, let L : M −→ R be a
smooth Lyapunov function for (V, R), and fix a representative λ′ of ξ vanishing on U . The functions
fC := λ′(V )+ CdL(V ) are contained in the convex set AU,ξ for all C > 0, so that we must have∫
M
dL(V ) dµU ≥ 0.
On the other hand, dL(V ) ≤ 0, with strict inequality outside R. As µU is positive, this forces the support
of µU to be contained in R∩ (M \U ) = R \ Rξ , as claimed. In particular, µU is a finite positive invariant
measure, and since∫
M
λ′(V ) dµU ≥ 0
its asymptotic cycle satisfies Aµ(ξ) ≥ 0. This completes the proof of the theorem. 
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